Abstract. Let G ⊆ GL(n) be a finite group without pseudo-reflections. We present an algorithm to compute and verify a candidate for the Cox ring of a resolution X → C n /G, which is based just on the geometry of the singularity C n /G, without further knowledge of its resolutions. As an application, we determine the Cox rings of resolutions X → C 3 /G for all G ⊆ GL(3) with the aforementioned property and of order |G| ≤ 12. We also provide examples in dimension 4.
Introduction
We consider quotient spaces C n /G = Spec C[x 1 , . . . , x n ] G , where G is a finite group acting linearly on C n . By Noether's theorem the ring of invariants of G is finitely generated, hence such quotients are (complex) algebraic varieties. They are usually singular and in such a case are called quotient singularities. In their construction, geometry meets finite group theory and there have been many attempts of extending this relation to resolutions of C n /G. An example, probably the most important one, of describing the geometric structure of crepant (which in this case means that the canonical divisor is linearly trivial) resolutions of C n /G in terms of algebraic properties of the group G is the McKay correspondence; for an introduction see, e.g., [21] . Though proved in several cases (see section 3.2), in general it reveals how much there is still to learn about this class of singularities and their resolutions.
In this paper, we study quotient singularities X 0 := C n /G and their resolutions in terms of the Cox ring
see [1] for details on the construction. Cox rings have already been successfully used by various authors to study resolutions of quotient singularities, in particular for symplectic quotients in [8, 6] , described by a generating set in a simpler ring, and via an algorithmic approach based on toric ambient modifications in [11] . In this article we generalize the methods used in [11] . While finishing a draft of this paper, we also found out about Yamagishi's work [25] , which extends [8, 6] . However, our approach is different from [25] and our methods are not restricted to the class of crepant resolutions. In particular, as explained below, we do not try to construct the generators of the Cox ring directly from the group structure data, but we obtain it via toric ambient modifications, chosen in an intermediate step based on tropical geometry.
Our first contribution, presented in Section 2, is an an algorithm to compute and verify a candidate for the Cox ring of a resolution X → X 0 without requiring further knowledge of X 0 . More precisely, Algorithm 2.3 computes R(X 0 ) and Algorithm 2. then computes a candidate for the Cox ring of a resolution X → X 0 and verifies the result. Here, the main tool are toric ambient modifications as in [10, 12] : we embed X 0 into an affine toric variety Z 0 and compute a resolution Z → Z 0 . The proper transform X → X 0 then is the desired candidate for a resolution which we can verify algorithmically. Note that the choice of the toric resolution involves a tropical step; this is in the spirit of Tevelev and Teissier [22, 23] . Algorithm 2.8 is a variant of the algorithm [18] given for Mori dream spaces, which, in turn, is based on [1, 14] where the algorithm has been shown to work in the setting of complete rational complexity one T -varieties. See also [13] for the case of affine C * -surfaces. Our algorithms are implemented in the Open Source computer algebra system Singular [5] .
Our second contribution concerns resolutions of three-dimensional quotient singularities; it is presented in Section 3. We first classify in Proposition 3.2 the finite, non-abelian groups G ⊆ GL(3) with |G| ≤ 12 and without pseudo-reflections (see Remark 2.2). When G is abelian, the quotient singularity is toric; since the algorithm of constructing a (toric) resolution and the structure of the Cox ring is known in this case, we do not consider it. Using our algorithms from Section 2, we first present the Cox rings of all singularities C 3 /G on the list, see Proposition 3.3 and then their resolutions, see Theorem 3.5. Then we discuss certain properties of the obtained resolutions in order to understand what can be expected from the output of the algorithm in general. In particular, we check whether the resolutions for subgroups of SL(3) on the list are crepant.
Finally, in Section 4, we emphasize that the method is not restricted to the 3-dimensional setting by providing two 4-dimensional examples. Note that in dimension 4 less is known about resolutions of quotient singularities, hence computational experiments are even more valuable than in dimension 3. We provide the Cox rings of X 0 = C 4 /G for chosen representations of G = D 8 and G = Q 8 and compute the Cox rings of modifications X → X 0 . For one of the cases, we are able to retrieve a crepant resolution that was also found in [6] , see Proposition 4.5.
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Algorithms
In this section, we describe algorithms to compute the Cox ring of a quotient singularity X 0 := C n /G for a finite group G and the Cox ring of a resolution X → X 0 . The latter algorithm is a variant of [1, 18] . It produces candidates using a tropical step and verifies them. We work with representations of G, usually assuming that they are faithful. In this case we will often identify the representation with its image in GL(n), i.e., consider G as a matrix group. Definition 2.1. A matrix group G ⊆ GL(n) is small if it does not have pseudoreflections; these are A ∈ G ⊆ GL(n) of finite order such that the subspace of fixed points (C n ) A is a hyperplane. We also say that a representation of an abstract group G is small, if its image in GL(n) is small.
Remark 2.2.
Note that the assumption on the representation of G not having pseudo-reflections is not restrictive: let H ⊆ G be the normal subgroup generated by all pseudo-reflections. Then
since C n /H is smooth by the Chevalley-Shephard-Todd theorem. In particular, the singularity for G is the same as the one for the smaller group G/H.
The degree map of the Cox ring R(X 0 ) is a homomorphism Z s → Cl(X 0 ) that sends the i-th canonical basis vector e i ∈ Z s to deg(T i ). We call the matrix with columns deg(T 1 ), . . . , deg(T s ) degree matrix. Algorithm 2.3 (Cox ring of X 0 ). Input: a small group G ⊆ GL(n).
• Compute generators f 1 , . . . , f s for the invariant ring
• Compute a basis g 1 , . . . , g s ∈ V of eigenvectors for V with respect to all the M i .
Compute the elimination ideal 
and computing the ideal I 0 of relations among the generators, e.g., by computing the listed elimination ideal. 
is isomorphic to (Z/2Z) 2 and acts on the linear hull V := lin C (f 1 , f 2 , f 3 ); we work with the description
The vector space V then has the G ′ -invariant subspaces lin C (f 1 ) and lin C (f 2 , f 3 ). We have a basis (g 1 , g 2 , g 3 ) for V consisting of the Eigenvectors
where the weights
, w 2 = (1, 0) and w 3 = (1, 1). The degree map is
In the ring
. . , T 3 − g 3 and compute its elimination ideal
as well as the saturation
We arrive at the G ′ -graded Cox ring with degree matrix Q:
We recall some theory for the resolution algorithm and fix the setting. Assume we know a presentation R(X 0 ) = C[T 1 , . . . , T s ]/I 0 and its degree matrix Q 0 . Consider the affine variety X 0 := Spec(R(X 0 )) ⊆ C s . We fix a gale dual matrix P 0 for Q 0 , i.e., a matrix fitting into the dual exact sequences
where P * denotes the transpose of P ; see, e.g., [18] for its computation. Let us shortly recall the construction of the tropical variety Trop(X 0 ). Construction 2.5. Let the setting be as above. Setting T := C * , we obtain the tropical varieties
where Trop(f ) ⊆ Q s is the support of the codimension-one skeleton of the normal fan over the Newton polytope of the polynomial f ∈ C[T 1 , . . . , T s ]. It is possible to establish a fan structure on Trop(X 0 ), see, e.g., [4, 20] . Construction 2.6. See [1, Section III] and [10] . Let X be a normal, irreducible A 2 -maximal variety with Γ(X, O * ) = C * such that both K := Cl(X) and R := R(X) are finitely generated. Fix a system of pairwise non-associated, K-prime generators F := (f 1 , . . . , f m ) for R, the degree matrix Q and a gale dual matrix P . Then X is the good quotient p of an open subset
by the action of the characteristic quasitorus Spec(C[K]), and X can be described combinatorially by a set Φ of pairwise overlapping polyhedral cones in K ⊗ Z Q. The triple (R, F, Φ) already determines X up to isomorphism. Moreover, a face
and Q(γ 0 ) ∈ Φ holds. Write cov(X) for the set of minimal relevant F-faces. Then one defines the canonical ambient toric variety as the toric variety Z ⊇ X whose fan Σ has the maximal cones
∨ is the dual face. Further note that we have a pairwise disjoint decomposition
By the decomposition from Construction 2.6, we can test smoothness of X by testing each X(γ 0 ) with the following straight-forward test; it was also used in [11] . Write T := C * .
Algorithm 2.7 (Smoothness test). Input: the Cox ring
is not smooth, return false.
• Find A ∈ GL(n, Z) such that Av ij = e j holds for all rays
• With the toric morphisms α : T n → T n and p : T r → T n corresponding to A and P , compute the pushforward and pullback
. . , Y n ] be the jacobian ideal, i.e., the ideal generated by
Proof. The first steps produce equations for
The second to last step computes the ideal of the singular locus
The following algorithm computes a candidate for the Cox ring R(X) of a resolution X → X 0 and verifies it; it is close to [18, Algorithm 2.4.8] which in turn is based on [1, Theorem III.4.4.9] where the complete, complexity-one-case is treated. See also [14, Chapter 3] and consider [13, Section 3] for the case of affine C * -surfaces. The idea is to embed X 0 ⊆ Z 0 into its ambient affine toric variety Z 0 = C n /G ′ , perform a toric resolution Z → Z 0 and consider the proper transform X → X 0 . The step Z → Z 0 involves the tropical variety.
Algorithm 2.8 (Cox ring of a resolution
• Compute the Cox ring R(
Determine Q 0 and P 0 as in (1).
It determines the ambient affine toric variety
• Compute a fan Υ with support Trop(X 0 ).
• Form the fan Σ := {σ} ∩ Υ by cone-wise intersection.
• 
i.e., the pullback of the pushforward under the toric maps p, p 0 corresponding to P , P 0 .
• Verify smoothness of the variety X determined by (R, Σ):
* Verify that X(γ 0 ) is smooth with Algorithm 2.7. Output: R and Q. If the verifications of the last two steps were successful, then R is the Cox ring of X of a resolution X → X 0 and Q is the degree matrix of R. 
As |Σ| = Trop(X), the first condition on the right-hand-side can be dropped. Considering only minimal relevant (T 1 , . . . , T r )-faces means to replace the last condition by requiring P (γ * 0 ) ∈ Σ max .
Proof 
We apply the steps of Algorithm 2.8 to X 0 . The canonical ambient toric variety is the affine toric variety Z 0 = Z 0 (σ) with σ ⊆ Q 3 being the polyhedral cone spanned by (1, 0, 0), (1, 2, 0), (1, 0, 2). The following picture shows the steps for the toric resolution.
σ (gray) and Σ (blue)
The two-dimensional fan Σ = {σ}∩Trop(X 0 ) has already the additional ray Q ≥0 ·v 1 where v 1 := (3, 2, 2). The fan can be resolved by insertion of the further rays through
This yields a toric resolution Z → Z 0 which then induces a resolution X → X 0 as the proper transform of Z → Z 0 ; its Z 4 -graded Cox ring R(X) and degree matrix are
One verifies that X is smooth. As X is a surface, we can verify minimality of the resolution by inspecting the self intersection numbers of the V ( X; T i ): they are −1, −1, −1, −2, −2, −2, −2.
We will use Algorithms 2.3 and 2.8 in Section 3 to compute resolutions of quotient singularities.
Remark 2.11 (Implementation). We have started an implementation of Algorithms 2.3 and 2.8 in the library quotsingcox.lib for the Open Source computer algebra system Singular [5] . It will be made available at [7] .
3. Resolutions of 3-dimensional quotient singularities 3.1. Cox rings. In this section, we compute Cox rings of resolutions of quotient singularities C 3 /G where G is a group of order at most 12 and discuss the results. As explained in Remark 2.2, we will consider only faithful representations of G without pseudo-reflections. No. G gen.s in GL (3) 1
In the table, i ∈ C denotes the imaginary unit, and ζ k ∈ C is a primitive k-th root of unity. All listed representations are reducible except for the A 4 -case.
Proof. To classify these representations we use the library of groups of small order, which is a part of GAP [9] . We do the following steps: No. 
. . , T 4 ]/I with I gen. by
4T 3 3 − T 2 2 − 27T 2 4 2 D 8 Z/2Z × Z/2Z 1 1 0 0 1 0 1 0 C[T 1 , . . . , T 4 ]/I with I gen. by 4T 2 1 + T 2 2 − T 2 4 3 Q 8 Z/2Z × Z/2Z 1 1 0 0 1 0 1 0 C[T 1 , .
Proof. The Cox rings of the X 0 = C 3 /G have been presented in Proposition 3.3. We then obtain the Cox rings of a resolution X → X 0 using our implementation 2.11 of Algorithm 2.8. The verifications of the primality of the variables T i are done directly computationally, the smoothness tests are done with Algorithm 2.7 as implemented in MDSpackage [11] . The normality follows from Serre's criterion, see, e.g., [19, 6.2] . Remark 3.6. Using these methods and its implementation, one can directly go to higher group orders |G|. Since the number of different representations to consider grows quickly for isomorphism types of G with higher order, we end the table at order 12.
Properties of quotients and their resolutions.
We discuss certain geometric properties of the quotient singularities and their resolutions corresponding to the Cox rings from Theorem 3.5. At first, we turn to torus actions on quotient spaces: we consider the relation between the form of the Cox ring and the existence of a torus action on C n /G.
Proposition 3.7. Let V be an affine space which is a direct sum of n representations of a given group G.
Then V admits an action of (C * ) n which commutes with the action of G. 1 x 1,1 . . . , t 1 x 1,d1 , . . . , t n x n,1 . . . , t n x n,dn ) Note that, in spite of the (C * ) 2 -action from Remark 3.9 for the other cases, we still did not know a priori that Algorithm 2.8 would compute the Cox ring of a resolution: to our knowledge, only for complete T -varieties [1, Theorem III.4.4.9] and for affine C * -surfaces [13, Section 3] this is known. However, it seems natural that, as in the cases of complete T -varieties and C * -surfaces, the single relations of the Cox rings of the singularity and its resolution are in all cases except in the A 4 -case of trinomial shape. Remark 3.10. By the previous discussing, it would be interesting to continue the list of results in Theorem 3.5 with irreducible, 3-dimensional representations. However, the three smallest cases of such representations (one of order 21 and two of order 27) are at the moment computationally out of reach on our machines.
Proof. Let (x i,1 . . . , x i,ni ) be the coordinates of the i-th representation (of dimension d i ). The following action commutes with the action of G.
We now turn to properties of the resolutions found in Theorem 3.5. Recall that a resolution of singularities π :
For surface quotient singularities for G ⊆ SL(2), i.e., du Val singularities, crepant resolutions are the minimal ones: the special fiber is a tree of smooth rational curves dual to a Dynkin diagram A n , D n , E 6 , E 7 or E 8 . The relation between the structure of G (its conjugacy classes or irreducible representations) and the shape of the diagram of the resolution of C/G was noticed by McKay. The postulated relation between the geometry of crepant resolutions of (Gorenstein) quotient singularities and the structure of the group is called the McKay correspondence. It has been studied in several special cases and in different formulations. In particular, it is proved in dimension 3, see e.g. [15] , for symplectic singularities in dimension 4, see [16] , and a weak version for any G ⊂ SL(n) (the equality of the dimension of cohomology space and the number of conjugacy classes of G) is due to Batyrev [3] .
It is a natural question to ask how good the resolutions obtained using Algorithm 2.8 are and what properties to expect them to have. In particular, we would like to know whether they are crepant for G ⊂ SL(n). To test this property for the 3-dimensional results in Theorem 3.5 we can use the McKay correspondence. with a k coming from the exponents of eigenvalues e 2πia k r of g, see e.g. [21] . Thus the conjugacy classes of junior elements can be determined with simple computations (e.g., using GAP, [9] ), and the results are as follows: Comparing them with the rank of Cl(X) given in Theorem 3.5 we obtain that the resolutions in cases 1, 5 and 7 have too many components of the exceptional divisor to be crepant.
We sketch the argument that in the remaining cases obtained resolutions are crepant. The exceptional divisors which have to be present in the crepant resolution come from the minimal resolutions of transversal du Val singularities along lines in C 3 fixed by an element g of age 1, possibly divided by the action of the normalizer of g in G. It follows from the McKay correspondence that the number of such divisors is the same as the number of conjugacy classes of junior elements in G. Hence the resolutions with the rank of the Picard group equal to the number of junior classes are crepant.
Note that in dimension 3 there is one Cox ring corresponding to all crepant resolutions, because they are all birationally equivalent and flops preserves smoothness in dimension 3. Remark 3.13. We can describe the geometry of all crepant resolutions for groups 2, 3, 6 and 8 of Proposition 3.2 by computing GIT quotients of the spectrum of their Cox rings. To determine the GIT fan describing the variation of the quotients, we use [17] .
case number 2 3 6 8 max. GIT-cones within Mov(X) 9 1 16 1 Actually, the cases 3 and 11 are products of a finite subgroup of SL (2) and a trivial group, so the resolutions will be just products of minimal resolutions of du Val singularities by C. Hence, there is just one crepant resolution, i.e., just one chamber in the GIT fan restricted to the cone of movable divisor classes Mov(X).
Two 4-dimensional examples
In this section, we present two 4-dimensional examples. In dimension 4 much less is known about the resolutions of quotient singularities. In particular, crepant resolutions do not always exist, and the McKay correspondence has been proved just for the symplectic case (see [16] ). Hence it is a very appropriate setting for computational experiments with constructing resolutions via Cox rings. Moreover, it is interesting also from the point of view of the Cox ring theory: while in dimension 3 all the examples we treat can be defined with a single relation, almost always trinomial, here the ring structure will be more complicated.
The first of the examples, the representation of D 8 , has also been treated in [6] where the Cox ring of symplectic resolutions was constructed. 
All T i are prime and the codimension test succeeds. For the normality check, recall that by [1, Lemma IV.1.2.7], if R is an integral domain, and f ∈ R is prime, then R is normal if R f is. We use this lemma repeatedly by localizing with respect to certain variables T i until we reach a polynomial ring. We expect X → X 0 to be a resolution but cannot show this at the moment as some smoothness tests were infeasible on our machines. As in Example 4.2 all T i are prime, the codimension test is successful and we obtain normality of R by repeated by localizations. We expect X → X 0 to be a resolution but not all smoothness tests were feasible on our machines. It turns out, however, that after some changes in Algorithm 2.8, inspired by the results on the Cox ring of crepant resolutions for a group with similar structure [8, 11] , we can obtain the Cox ring of the crepant resolution for D 8 . [6] .
After a suitable linear change of coordinates one sees that this ring is isomorphic to the Cox ring of symplectic resolutions of considered representation of D 8 computed in
Proof. This is an application of Algorithm 2.3 where instead of forming Σ = {σ} ∩ Υ, we perform the following steps as in [11, Section 3] : There are three minimal elements σ 1 , σ 2 , σ 3 of the set consisting of all P (γ * 0 ) such that γ 0 is an F-face and P (γ * 0 ) is singular. We form the cone-wise intersections Σ i = {σ i } ∩ Υ and resolve the fans: Σ ′ i → Σ i . Denoting by primit(Ξ (1) ) the primitive generators of the rays of a fan or cone Ξ, we have
The remaining steps of Algorithm 2.8 deliver the result. All verifications succeed; as in Example 4.2, we repeatedly apply [1, Lemma IV.1.2.7] to obtain normality of the ring.
